Abstract. A long-standing conjecture due to Michael Freedman asserts that the 4-dimensional topological surgery conjecture fails for non-abelian free groups, or equivalently that a family of canonical examples of links (the generalized Borromean rings) are not A−B slice. A stronger version of the conjecture, that the Borromean rings are not even weakly A−B slice, where one drops the equivariant aspect of the problem, has been the main focus in search for an obstruction to surgery. We show that the Borromean rings, and more generally all links with trivial linking numbers, are in fact weakly A−B slice. This result shows the lack of a non-abelian extension of Alexander duality in dimension 4 , and of an analogue of Milnor's theory of link homotopy for general decompositions of the 4 -ball.
Introduction
Surgery and the s-cobordism conjecture, central ingredients of the geometric classification theory of topological 4−manifolds, were established in the simply-connected case and more generally for elementary amenable groups by Freedman [1] , [7] . Their validity has been extended to the groups of subexponential growth [8] , [12] . A longstanding conjecture of Freedman [2] asserts that surgery fails in general, in particular for free fundamental groups. This is the central open question, since surgery for free groups would imply the general case, cf [7] .
There is a reformulation of surgery in terms of the slicing problem for a special collection of links, the untwisted Whitehead doubles of the Borromean rings and of a certain family of their generalizations. An "undoubling" construction [3] allows one to work with a more robust link, the Borromean rings, but the slicing condition is replaced in this formulation by a more general A-B slice problem. Freedman's conjecture pinpoints the failure of surgery in a specific example and states that the Borromean rings are not A − B slice. This approach to surgery has been particularly attractive since it is amenable to the tools of link-homotopy theory and nilpotent invariants of links, and partial obstructions are known in restricted cases, cf [6] , [9] , [10] . At the same time it is an equivalent reformulation of the surgery conjecture, and if surgery holds there must exist specific A − B decompositions solving the problem.
The A − B slice conjecture is a problem at the intersection of 4−manifold topology and Milnor's theory of link homotopy [13] . It concerns smooth codimension zero decompositions of the 4−ball. Here a decomposition of D 4 , D 4 = A ∪ B , is an extension of the standard genus one Heegaard decomposition of ∂D 4 = S 3 . Each part A, B of a decomposition has an attaching circle (a distinguished curve in the boundary: α ⊂ ∂A, β ⊂ ∂B ) which is the core of the solid torus forming the Heegaard decomposition of ∂D 4 . The two curves α, β form the Hopf link in S 3 .
Algebraic and geometric properties of the two parts A, B of a decomposition are tightly correlated. Algebraically this is reflected, in particular, by Alexander duality. A more precise geometric information is given by handle structures: under a mild condition on the handle decompositions which can be assumed without loss of generality, there is a one-to-one correspondence between 1−handles of each side and 2−handles of its complement. In general the interplay between the topologies of the two sides is rather subtle.
and disjoint embeddings of all 2n manifolds A 1 , B 1 , . . . , A n , B n into D 4 so that the attaching curves α 1 , . . . , α n form the link L and the curves β 1 , . . . , β n form an untwisted parallel copy of L. Moreover, the re-embeddings of A i , B i are required to be standard -topologically equivalent to the ones coming from the original decompositions of D 4 . The connection of the A − B slice problem for the Borromean rings to the surgery conjecture is provided by considering the universal cover of a hypothetical solution to a canonical surgery problem [3] , [4] . The action of the free group by covering transformations is precisely encoded by the fact that the re-embeddings of A i , B i are standard. A formal definition and a more detailed discussion of decompositions and of the A − B slice problem are given in section 2. The following is the statement of Freedman's conjecture [2] , [4] concerning the failure of surgery. Conjecture 1. The untwisted Whitehead double of the Borromean rings is not a freely slice link. Equivalently, the Borromean rings are not A − B slice.
Here a link is freely slice if it is slice, and in addition the fundamental group of the slice complement in the 4−ball is freely generated by meridians to the components of the link. An affirmative solution to this conjecture would exhibit the failure of surgery, since surgery predicts the existence of the free-slice complement of the link above.
A stronger version of Freedman's conjecture, that the Borromean rings are not even weakly A − B slice, has been the main focus in search for an obstruction to surgery. Here a link L is weakly A − B slice if the re-embeddings of A i , B i are required to be disjoint but not necessarily standard in the definition above. To understand the context of this conjecture, consider the simplest example of a decomposition D 4 = A∪B where A is the 2−handle D 2 ×D 2 and B is just the collar on its attaching curve. This decomposition is trivial in the sense that all topology is contained in one side, A. It is easy to see that a link L is weakly A − B slice with this particular choice of a decomposition if an only if L is slice. Of course the Borromean rings is not a slice link, and moreover a well-known obstruction, the Milnor group, is very robust and it shows that the link is not even homotopically trivial. (Recall that a link L in S 3 is homotopically trivial [13] if its components bound disjoint maps of disks in D 4 . L is homotopically essential otherwise.) In particular, this is an obstruction to any, not necessarily standard, disjoint re-embeddings of A, B . To show that a link is not (weakly) A − B slice, one needs to find an obstruction for all possible decompositions. In all previously known examples of decompositions, the strategy mirrored the one described above for the trivial decomposition: for each i one could choose one side, C i = A i or B i , and all known partial obstructions were obstructions to the link bounding arbitrary disjoint re-embeddings of C i .
Freedman's program in the A − B slice approach to surgery could be roughly summarized as follows. First consider model decompositions, defined using Alexander duality and introduced in [6] (see also section 4). The main step is then to show that any decomposition is algebraically approximated, in some sense, by the models -in this case a suitable algebraic analogue of the partial obstruction for model decompositions should give rise to an obstruction to surgery. The first step, formulating an obstruction for model decompositions, was carried out in [10] , [11] . We now state the main result of this paper which shows that the second step is substantially more subtle than previously thought, involving not just the submanifolds but also their embedding information. Theorem 1. Let L be the Borromean rings or more generally any link is S 3 with trivial linking numbers. Then L is weakly A − B slice.
It is not difficult to see that the linking numbers provide an obstruction to being weakly A − B slice (see section 3), so it follows that a link is weakly A − B slice if and only if has trivial linking numbers.
To formulate the main ingredient in the proof of this result in the geometric context of link homotopy, it is convenient to introduce the notion of a robust 4−manifold. Let (M, γ) be a pair (4−manifold, attaching curve in ∂M ). The pair (M, γ) is robust if whenever several copies (M i , γ i ) are properly disjointly embedded in (D 4 , S 3 ), the link formed by the curves {γ i } in S 3 is homotopically trivial. The following question relates this notion to the A − B slice problem: Given a decomposition (A, α), (B, β) of D 4 , is one of the two pairs (A, α), (B, β) necessarily robust? The answer has been affirmative for all previously known examples, including the model decompositions [10] , [11] . In contrast, we prove Theorem 1 has a consequence in the context of topological arbiters, introduced in [5] . Roughly speaking, it points out a substantial difference in the structure of the invariants of submanifolds of D 4 , depending on whether they are endowed with a specific embedding, or not. We refer the reader to that paper for the details on this application.
Section 2 reviews the background material on surgery and the A − B slice problem. The A − B slice problem for two-component links is considered in section 3; it is shown that Alexander duality provides an obstruction for links with non-trivial linking number. The proof of theorem 1 starts in section 4 with a construction of the relevant decompositions of D 4 . Section 5 discusses related decompositions of the 4−sphere. The final section completes the proof of the theorem.
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4−dimensional surgery and the the A − B slice problem
The surgery conjecture asserts that given a 4−dimensional Poincaré pair (X, N),
is exact (cf [FQ], Chapter 11). This result, as well as the 5−dimensional topological s-cobordism theorem, is known to hold for a class of good fundamental groups. The simply-connected case followed from Freedman's disk embedding theorem [1] allowing one to represent hyperbolic pairs in π 2 (M 4 ) by embedded spheres. Currently the class of good groups is known to include the groups of subexponential growth [8] , [12] and it is closed under extensions and direct limits. There is a specific conjecture for the failure of surgery for free groups [2] : Conjecture 2.1. There does not exist a topological 4−manifold M , homotopy equivalent to ∨ 3 S 1 and with ∂M homeomorphic to S 0 (W h(Bor)), the zero-framed surgery on the Whitehead double of the Borromean rings.
This statement is seen to be equivalent to Conjecture 1 in the introduction by considering the complement in D 4 of the slices for W h(Bor). This is one of a collection of canonical surgery problems with free fundamental groups, and solving them is equivalent to the surgery theorem without restrictions on the fundamental group. The A − B slice problem, introduced in [3] , is a reformulation of the surgery conjecture, and it may be roughly summarized as follows. Assuming on the contrary that the manifold M in the conjecture above exists, consider the compactification of the universal cover M , which is homeomorphic to the 4−ball [3] . The group of covering transformations (the free group on three generators) acts on D 4 with a prescribed action on the boundary, and roughly speaking the A − B slice problem is a program for finding an obstruction to the existence of such actions. To state a precise definition, consider decompositions of the 4−ball:
4 is a pair of smooth compact codimension zero submanifolds with boundary A, B ⊂ D 4 , satisfying conditions (1) − (3) below. Denote
(
Recall the definition of an A − B slice link [4] , [6] :
. . , n such that all sets in the collection φ 1 A 1 , . . . , φ n A n , ψ 1 B 1 , . . . , ψ n B n are disjoint and satisfy the boundary data:
The surgery conjecture is equivalent to the statement that the Borromean rings (and a family of their generalizations) are A − B slice. The idea of the proof of one implication is sketched above; the converse is also true: if the generalized Borromean rings were A−B slice, consider the complement of the entire collection
Gluing the boundary according to the homeomorphisms, one gets solutions to the canonical surgery problems. A 1 , α 1 ), (B 1 , β 1 )) , . . . , ((A n , α n ), (B n , β n )) of D 4 and disjoint embeddings of all manifolds A i , B i into D 4 so that the attaching curves α 1 , . . . , α n form the link L and the curves β 1 , . . . , β n form an untwisted parallel copy of L.
Abelian versus non-abelian Alexander duality
The
Consider the long exact sequences of the pairs (
, where the homology groups are taken with rational coefficients:
Recall that ∂ + A i , ∂ + B i are solid tori (regular neighborhoods of the attaching curves α i , β i .) The claim is that for each i, the attaching curve on exactly one side vanishes in its first rational homology group. Both of them can't vanish simultaneously, since the linking number is 1. Suppose neither of them vanishes. Then the boundary map in each sequence above is trivial, and rk H 2 (A i ) = rk H 2 (A i , ∂ + A i ). On the other hand, by Alexander duality rk
3 ) so that γ 1 is either l 1 or its parallel copy, and γ 2 is l 2 or its parallel copy. Then lk(γ 1 , γ 2 ) = 0, a contradiction.
The Borromean rings are a non-abelian analogue of a two-component link with a non-trivial linking number. (Milnor's invariant µ 123 [13] is defined using the nilpotent quotient π 1 /(π 1 )
3 , a generalization of the linking number defined using the abelianization π 1 /(π 1 )
2 . Here (π 1 ) n denotes the n−th term of the lower central series of π 1 .) Therefore our result, theorem 1, may be viewed as showing the lack of a non-abelian extension of Alexander duality in dimension 4. and B is just the collar on its attaching curve, was discussed in the introduction. Now consider the genus one surface S with a single boundary component α, and set A = S × D 2 . Moreover, one has to specify its embedding into D 4 to determine the complementary side, B . Consider the standard embedding (take an embedding of the surface in S 3 , push it into the 4−ball and take a regular neighborhood.) Note that given any decomposition, by Alexander duality the attaching curve of exactly one of the two sides vanishes in it homologically, at least rationally. Therefore the decomposition under consideration now may be viewed as the first level of an "algebraic approximation" to an arbitrary decomposition. The proof is a standard exercise in Kirby calculus, see for example [6] . A precise description of these 4−manifolds is given in terms of Kirby diagrams in figure 2.
Rather than considering handle diagrams in the 3−sphere, it is convenient to draw them in the solid torus, so the 4−manifolds are obtained from S 1 × D 2 × I by attaching the 1− and 2−handles as shown in the diagrams. To make sense of the "zero framing" of curves which are not null-homologous in the solid torus, recall that the solid torus is embedded into S 3 = ∂D 4 as the attaching region of a 4−manifold, and the 2−handle framings are defined using this embedding.
This example illustrates the general principle that (in all examples considered in this paper) the 1−handles of each side are in one-to-one correspondence with the Note that a distinguished pair of curves α 1 , α 2 , forming a symplectic basis in the surface S , is determined as the meridians (linking circles) to the cores of the 2−handles
In other words, α 1 , α 2 are fibers of the circle normal bundles over the cores of
An important observation [6] is that this construction may be iterated: consider the 2−handle H 1 in place of the original 4−ball. The pair of curves (α 1 , the attaching We are now in a position to define the decomposition D 4 = A ∪ B used in the proof of theorem 1. Imprecisely (up to homotopy, on the level of spines) B may be viewed as B ′ ∪ 2−cell attached along (the attaching circle β of B ′ , followed by a curve representing a generator of H 1 of the second stage surface of B ′ ). This 2−cell is schematically shown in the spine picture of B in the first part of figure 6 as a cylinder connecting the two curves. The shading indicates that the new generator of π 1 created by adding the cylinder is filled in with a disk. Similarly, one checks that the effect of this operation on the A−side is that one of the 2−handles at the second stage is connected-summed with the first stage surface, figure 6 . (This is seen in the handle diagram by canceling a 1−, 2−handle pair.) Again, the shading indicates that no new generators of π 1 are created. The figures showing the spines are provided only as a motivation for the construction; a precise description of A, B is of course given by their handle diagrams. While the proof of theorem 1 below is given in terms of Kirby diagrams, it can easily be followed at the level of spines.
A decomposition of the 4−sphere
The two parts A, B of any decomposition of D 4 have inherently different properties. For example, due to Alexander duality the attaching circle α or β on exactly one side vanishes in its rational first homology group. However it turns out that when completed to a decomposition of the 4−sphere, the construction in the proof of theorem 1 is quite symmetric: the decomposition D 4 = A∪B extends to S 4 = B ∪B . We record this observation here since we believe that this symmetry plays a role in the properties of the decomposition. Note that the complement of A 1 in S 4 is homeomorphic to B , since the complement to the disk bounded by α in D ′ is just a collar on β . The handle diagram for B is presented in the second part of figure 7. (The dashed circle in figure 5 has to be replaced by a circle with the dot, since the diagrams in figure 7 are drawn in S 3 , not in the solid torus. Then a 1−, 2−handle pair canceled, and one gets the diagram in figure 7 .) The proof is concluded by the observation that this is a symmetric link: both diagrams in figure 7 are isotopic to the one in figure 8. 
Proof of theorem 1: a relative slice problem
We start this section by recalling the technique which will be useful in completing the proof of theorem 1, the relative slice problem, introduced in [6] . The setup in our context is as follows: suppose two codimension zero submanifolds M, N of D 4 are given; each one has an attaching circle γ ⊂ ∂M , δ ⊂ ∂N . The submanifolds are proper in the sense that one has embeddings of pairs (M, γ)
, where each circle γ , δ is unknotted in the 3−sphere.
The problem that has to be analyzed is: In light of proposition 4.1, to prove that A embeds in S it suffices to show that (A, α) embeds in the complement of a standard embedding of two zero-framed 2−handles attached to the Bing double of a meridian to α in S 3 . This is an instance of the relative-slice problem discussed above, where (M, γ) = (A, α) and N is obtained from a collar on δ by attaching 2−handles to the Bing double of the core. This situation is shown on the right in figure 9 . The link is considered in the 3−sphere boundary of the 4−ball D ′ , and the link l 1 , . . . , l 4 has to be sliced in the handlebody D ′ ∪ (2−handles) where the handles attached with zero framings along r 1 , r 2 . Here l 1 , l 2 are the attaching curves for the 2−handles of N and l 3 , l 4 are the attaching curves for the 2−handles of M . Note that the slices for l 1 , l 2 constructed in the proof are required to be standard in D 4 , to make sure that their complement is the surface S .
A solution to this relative-slice problem is given in figure 10 . Consider time = the radial coordinate in D ′ , where time = 0 on the boundary ∂D ′ . The link components move by an isotopy during 0 ≤ t < 1/2, and at t = 1/2 the component l 4 is connected-summed to a parallel copy of r 2 . Note that the resulting curve bounds a disk in S 3 × {1/2} in the complement of all other curves. The remaining link l 1 , l 2 , l 3 is slice relative to r 1 , r 2 due to symmetry: sweep l 1 , l 2 along l 3 until they coincide with the curves r 1 , r 2 , and then cap them off with the cores of the 2−handles attached to r 1 , r 2 . It follows from the construction that the embedding of the slices for l 1 , l 2 above is standard. Therefore (A, α) embeds into (S, γ). One needs to show that (B, β) embeds in the complement of a standard disk bounded by the meridian to β . The proof is again a relative-slice problem, shown in figure  11 . Here l 1 is the meridian which is required to bound a standard disk; l 2 , l 3 , l 4 are the attaching curves of the 2−handles of B , and r 1 , r 2 are the attaching curves for the 2−handles attached to D ′ . Therefore the link l 1 , . . . , l 4 has to be sliced in D ′ ∪ r 1 ,r 2 (zero-framed 2−handles), so that the slice for l 1 is standard in D 4 . Taking a connected sum of l 1 and r 1 as shown in figure 11 , one gets the link in figure 12 . Now taking a connected sum of l 2 and r 2 results in the trivial link, and the components are capped off with disjoint disks in D ′ . Note that the slice for l 1 goes over the 2−handle attached to r 1 and is standard in D 4 . 
